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Abstract: We give a short proof of a sumset conjecture of Erdo˝s, recently proved by
Moreira, Richter and Robertson: every subset of the integers of positive density contains the
sum of two infinite sets. The proof is written in the framework of classical ergodic theory.
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1 Introduction
In this note we give a short proof of a result of Moreira, Richter and Robertson, conjectured by Erdo˝s:
Theorem 1 ([MRR]). If A⊂ N has positive density then there exist infinite subsets B and C of N with
A⊃ B+C.
Here and below, by the density of a subset A of N we mean its upper uniform density d∗(A) defined
by
d∗(A) := lim
N→∞
sup
M∈N
|A∩ [M,M+N)|
N
.
The proof extends to the case of countable abelian groups up to notational changes. We believe that a
generalization of the method to countable amenable groups is possible, by using the maximal isometric
factor in place of the Kronecker factor.
The combinatorial part of our prof is closely related to the corresponding part of [MRR]: Theorem 3
is the dynamical counterpart of [MRR, Theorem 2.2]. But the whole proof of Theorem 1 presented here
is very different of [MRR], as it is written inside the framework of classical ergodic theory.
In [MRR] the authors ask whether any set of positive density contains the sum of three infinite sets.
A possible strategy would be to show that it contains the sum of a set of positive density and an infinite
set, and then to use Theorem 1. However, this method does not work:
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Proposition 2. There exists a set of positive density not containing any sum of a set of positive density
and an infinite set.
Section 2 contains some preliminaries. Theorem 1 is proved in Section 3 and Proposition 2 in
Section 4.
2 Preliminaries
In this paper we use the convention that N= {0,1,2, . . .}.
2.1 Følner sequences
We make a constant use of Følner sequences but, since we are dealing only with subsets of the integers,
we never need general Følner sequences and we can assume that a Følner sequence is a sequence
Φ = (ΦN)N≥1 of intervals of N whose lengths tend to ∞. If A⊂ N we write
dΦ(A) = limsup
N→∞
|A∩ΦN ]
|ΦN | ;
dΦ(A) = lim
N→∞
|A∩ΦN ]
|ΦN | if this limit exists.
Therefore,
d∗(A) = sup
Φ
dΦ(A)
where the supremum is taken for all Følner sequences Φ such that dΦ(A) exists, and the supremum is
attained.
2.2 Topological dynamical systems
A topological dynamical system (X ,T ) is a compact metric space endowed with a map T : X → X ,
continuous and onto. We write dX for the distance on X .
Let x0 ∈ X ,Φ a Følner sequence and µ a probability measure on X . We say that x0 is generic for µ
alongΦ if
1
|ΦN | ∑n∈ΦN
δT nx0 → µ weakly* as N→ ∞
where δx is the Dirac mass at x. This is equivalent to
for every f ∈ C(X), 1|ΦN | ∑n∈ΦN
f (T nx0)→
∫
f dµ as N→ ∞.
In this case, µ is supported on the closed orbit of x0 under T and is invariant under T . For U ⊂ X we have
dΦ
({(n : T nx0 ∈U})≥ µ(U) if U is open;
dΦ
({(n : T nx0 ∈U})= µ(U) if U is clopen (that is, open and closed).
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We remark that for every x0 ∈ X , every Følner sequence admits a subsequence along which x0 is
generic for some measure µ .
We say that x0 is generic for µ without mention of a Følner sequence if it is generic for the usual
Følner sequence
(
[0,N)
)
N≥1.
2.3 The key combinatorial result
The next theorem is the dynamical counterpart of [MRR, Theorem 2.2].
Theorem 3. Let (X ,T ) be a topological dynamical system, x0 ∈ X, E a clopen subset of X and
A = {n ∈ N : T nx0 ∈ E}.
Let X×X be endowed with the transformation T ×T . Let x1 ∈ X and let ν be a measure on X×X, for
which the point (x0,x1) is generic along some Følner sequenceΦ = (ΦN)N∈N. Assume that there exists
ε > 0 and a sequence (mi) of integers tending to ∞ with
T mix0→ x1 and ν(T−miE×E)≥ ε for every i. (1)
Then there exist infinite subsets B, C of N with A⊃ B+C.
This theorem can be deduced from [MRR, Proposition 2.5] but we give a proof for completeness.
The construction gives that the set B ban be taken as included in any given infinite subset of {mi : i ∈ N};
the set C can be taken as included in any infinite given subset of {` ∈ N : T `x1 ∈ E}.
Proof. We use the following result of Bergelson:
Lemma 4 ([1]). Let (Y,Y,λ ) be a probability space, ε > 0, and (Bn)n≥1 a sequence in Y with λ (Bn)≥ ε
for every n. Then this sequence admits a subsequence (Bn j) j≥1 such that
for every k ≥ 1, λ
( k⋂
j=1
Bn j
)
> 0.
Applying this lemma to the probability ν on X ×X and to the sets T−miE×E, we obtain that the
sequence (mi)i≥1 admits a subsequence, still written (mi), such that
for every r ≥ 1, ν
( r⋂
i=1
(T−miE×E)
)
> 0. (2)
We write
L = {` ∈ N : T `x1 ∈ E}.
For n ∈ N, we have (T ×T )n(x0,x1) ∈ T−miE×E if and only if n ∈ (A−mi)∩L. By definition of ν
and (2),
for every r ≥ 1, dΦ
( r⋂
i=1
(A−mi)∩L
)
> 0. (3)
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and in particular this set is infinite.
We build by induction strictly increasing sequences (bn)n≥1 and (cn)n≥1 with
bn ∈ {mi : i≥ 1} and cn ∈ L for every n; bi+ c j ∈ A for all i, j ≥ 1.
Let n≥ 0. If n = 0 we chose an arbitrary c1 ∈ L. Assume that n≥ 1 and that b1, . . . ,bn and c1, . . . ,cn
are built with bi+ c j ∈ A for all i, j ≤ n. By (3) applied with r = bn we can chose cn+1 > cn with
cn+1 ∈
n⋂
i=1
(A−bi)∩L
and we have bi+ cn+1 ∈ A for i≤ n.
In both cases, for j ≤ n+1 we have c j ∈ L that is T c j x1 ∈ E. Since E is open and since T mix0→ x1,
for every sufficiently large i we have T mi+c j x0 ∈ E for every j ≤ n+ 1, that is mi + c j ∈ A. We chose
i with this property and moreover mi > bn if n ≥ 1, and we set bn+1 = mi. We have bn+1 + c j ∈ A for
1≤ j ≤ n+1 and we are done.
3 Proof of Theorem 1
In this Section, A is a subset of N with δ = d∗(A)> 0, and we build the different objects appearing in the
statement of Theorem 3 and check that they satisfy the required conditions. Theorem 1 then follows from
Theorem 3.
3.1 Construction of a first system
Let {0,1}N be endowed with the product topology and with the shift T . Elements of {0,1}N are written
as x = (x(n))n∈N. We consider 1A as an element of {0,1}Z that we write x0, and define
(i) X is the closed orbit of x0 under T .
Let E be the cylinder set E = {x ∈ X : x(0) = 1}. We have:
(ii) E is a clopen subset of X and A = {n ∈ N : T nx0 ∈ E}.
LetΦ be a Følner sequence with dΦ(A) = δ . ReplacingΦ by a subsequence we can assume that
(iii) x0 is generic alongΦ for some measure µ on X
and since E is clopen we have
(iv) µ(E)≥ δ .
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3.2 Construction of an ergodic measure
Let µ =
∫
Ω µω dP(ω) be the ergodic decomposition of µ under T . Since
∫
Ω µω(E)dP(ω) = δ , we have
P({ω ∈Ω : µ ′ω(E)≥ δ})> 0. Therefore there exists an ergodic measure µ ′ with µ ′(E)≥ δ .
By the pointwise ergodic theorem, the measure µ ′ admits a generic point x1 ∈ X in the usual sense,
meaning that for every f ∈ C(X) we have
1
N
N−1
∑
n=0
f (T nx1)→
∫
f dµ as N→ ∞.
Since the orbit of x0 is dense and T is continuous there exists a sequence (mN)N≥1 of integers such that
for every N and 0≤ n< N, dX(T mN+nx0,T nx1)< 1/N.
For every f ∈ C(X), by uniform continuity of f we have
1
N
N−1
∑
n=0
f (T mN+nx0)→
∫
f dµ as N→ ∞.
This means that x0 is generic of µ ′ along the Følner sequenceΦ′ = (Φ′N)N≥1 where Φ′N = [mN ,mN +N).
SubstitutingΦ′ forΦ and µ ′ for µ , the properties (i)-(iv) remain valid and moreover
(v) µ is ergodic under T .
3.3 Using the Kronecker factor
We recall that the Kronecker factor (Z,mZ,S) of an ergodic system (X ,µ,T ) is a compact abelian group
Z endowed with its Haar measure mZ , with a translation S and with a factor map pi : X → Z, characterized
by
for all φ ,ψ ∈ L2(µ) with Eµ(ψ | Z) = 0
for every ε > 0, d∗
({
n ∈ N :
∣∣∣∫ T nψ ·φ dµ∣∣∣≥ ε})= 0. (4)
The transformation S has the form
for every z ∈ Z, Sz = z+α (5)
where α is a fixed element of Z.
It should be noticed that, even when µ is an invariant ergodic measure on a topological dynamical
system (X ,T ), the factor map pi : X → Z is not continuous in general. The next Proposition explains how
to modify the given system and obtain continuity. It is stated in [2, 3] for a distal system, and thus applies
in particular to the isometric system (Z,S).
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Proposition 5 ([2, Proposition 6.1], [3, Proposition 24.3]). Let (X ,T ) be a topological dynamical system,
x0 ∈ X, and µ an ergodic invariant probability measure supported on the closed orbit of x0 under T . Let
(Z,mZ,S) be the Kronecker factor of (X ,µ,T ), with factor map pi : X→ Z. Let X×Z be endowed with the
transformation T×S. Let µ˜ be the measure on X×Z, image of µ under the map x 7→ (x,pi(x)) : X→X×Z.
Then there exists a Følner sequence Φ˜ and a point z0 of Z such that (x0,z0) is generic for µ˜ along Φ˜.
The conclusion means that, for every f ∈ C(X) and every h ∈ C(Z) we have∫
X
f ·h◦pi dµ = lim
N→∞
1
|Φ˜N | ∑n∈Φ˜N
f (T nx0)h(Snz0).
The first projection p : (X × Z,T × T )→ (X ,T ) is a factor map in the topological sense. Moreover,
p : (X×Z, µ˜,T ×T )→ (X ,µ,T ) is an isomorphism in the ergodic sense. In particular, (X×Z, µ˜,T ×T )
is ergodic, its Kronecker factor is (Z,mZ,T ), the factor map is the second projection and thus is continuous.
The key point in the Proposition is the genericity of (x0,z0).
We apply this Proposition to the system (X ,µ,T ) and the point x0 introduced above and let (Z,mZ,S),
pi , µ˜ and z0 and Φ˜ be given by this Proposition. Let x˜0 = (x0,z0) and let X˜ be the closed orbit of x˜0 in
X ×Z. Since the point x˜0 is generic for µ˜ along Φ˜, µ˜ is supported on X˜ . Let p˜ : X˜ → X and pi : X˜ → Z
be the restriction to X˜ of the two natural projections X ×Z→ X and X ×Z→ Z respectively, and let
E˜ = p˜−1(E). Then E˜ is a clopen subset of X˜ , A = {n : T˜ nx˜0 ∈ E˜} and dΦ˜(A) = µ˜(E˜) = µ(E)≥ δ .
Substituting x˜0 for x0, X˜ for X , Φ˜ forΦ, µ˜ for µ and pi for pi , the properties (i)-(v) above remain valid
and moreover,
(vi) The factor map pi : X → Z from X to the Kronecker factor (Z,mZ,S) of (X ,µ,T ) is continuous.
We define
z0 = pi(x0).
3.4 Choosing a point x1
We copy the next definition and results from [4].
Definition ([4]). A Følner sequenceΦ = (ΦN) is tempered if there exists a constant C > 0 such that∣∣∣⋃
k<N
(ΦN−Φk)
∣∣∣≤C|ΦN |
for every N. (Here ΦN−Φk = {a−b : a ∈ΦN , b ∈Φk}.)
Lemma 6 ([4]). Every Følner sequence admits a tempered subsequence.
Theorem 7 ([4]). If (X ,µ,T ) is a system and Φ is a tempered Følner sequence in N then for every
f ∈ L1(µ) the limit
lim
N→∞
1
|ΦN | ∑n∈ΦN
f (T nx)
exists of µ-almost every x. If µ is ergodic, then the limit is the constant
∫
f dµ .
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Corollary 8. Let (X ,T ) be a topological dynamical system, µ an ergodic measure on X andΦ a tempered
Følner sequence. Then µ-almost every x ∈ X is generic for µ alongΦ.
Proof. It suffices to apply Theorem 7 to all functions in a countable subset of C(X), dense in C(X) under
the uniform norm.
Returning to our construction, we use Lemma 6 and replace the Følner sequence with a tempered
subsequence, still writtenΦ. We write
X1 = {x ∈ X : x is generic for µ alongΦ}.
By Corollary 8 we have µ(X1) = 1. We define also
X2 is the topological support of µ.
We have µ(X2) = 1. Since the image of µ under pi is equal to mZ we have pi(X2) = Z.
We write
φ = Eµ(1E | Z) and ψ = 1E −φ ◦pi.
We chose an open neighborhood V of 0 in Z such that∫
Z
|φ(z)−φ(z+ξ )|dmZ(z)< δ 2/4 for every ξ ∈V (6)
and define
X3 = pi−1(V + z0).
Note that for every n we have T nx0 ∈ X3 if and only if nα ∈V .
X3 is an open neighborhood of x0 and, since mZ(V + z0)> 0, we have µ(X3)> 0 and we can chose
x1 ∈ X1∩X2∩X3.
We write
z1 = pi(x1) and β = z1− z0.
Since x1 ∈ X3 we have z1 ∈V + z0 and
β ∈V.
3.5 The joining ν
Replacing the Følner sequence Φ by a subsequence we can assume that the point (x0,x1) is generic
alongΦ for a measure ν on X×X . This measure is invariant under T ×T ; since x0 is generic for µ , the
image of ν under the first projection is equal to µ; since x1 ∈ X1, x1 is generic for µ too, and the second
projection of ν is equal to µ . We have that (X×X ,ν ,T ×T ) is a joining of (X ,µ,T ) with itself.
Let λ be the image of ν under the projection pi ×pi : X ×X → Z×Z. Then (Z×Z,λ ,S× S) is a
joining of (Z,mZ,S) with itself. Since (x0,x1) is generic for ν alongΦ, (z0,z1) is generic for λ along the
same Følner sequence. Therefore, λ is supported on a single closed orbit under S×S and, since S×S is a
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translation on the compact abelian group Z×Z, the measure λ is ergodic under S×S, and for λ -almost
every (z,z′) we have z′− z = z1− z0 = β . It follows that for all h,h′ ∈ C(Z) we have∫
Z×Z′
h(z)h′(z′)dλ (z,z′) =
∫
Z
h(z)h′(z+β )dmZ(z). (7)
By density the same relation holds for h,h′ ∈ L2(mZ).
Let θ ∈ L2(µ) be the image of 1E under the Markov operator associated to the joining ν . This
function is characterized by
for every h ∈ L2(µ),
∫
X×X
h⊗1E dν =
∫
X
h ·θ dµ.
For every n we have
ν(T−nE×E)−
∫
X×X
(Snφ ◦pi)⊗1E dν =
∫
X×X
T nψ⊗1E dν
=
∫
X
T nψ · θ dµ.
Since Eµ(ψ | Z) = 0, by the characterization (4) of the Kronecker factor we have
d∗
({
n ∈ N :
∣∣∣ν(T−nE×E)−∫
X×X
(Snφ ◦pi)⊗1E dν
∣∣∣≥ δ 2/8})= 0. (8)
For every n, by definition of the measure λ we have∫
X×X
(Snφ ◦pi)⊗1E dν−
∫
X×X
(Snφ)⊗φ dλ
=
∫
X×X
(Snφ ◦pi)⊗ψ dν =
∫
X×X
(φ ◦pi)⊗ (T−nψ)dν .
Exchanging the role of the coordinates and proceeding as above we obtain
d∗
({
n ∈ N :
∣∣∣∫
X×X
(Snφ ◦pi)⊗1E dν−
∫
Z×Z
(Snφ)⊗φ dλ
∣∣∣≥ δ 2/8})= 0. (9)
Combining (8) and (9) and using Formula (7) for λ and formula (5) for S we obtain that
d∗
({
n ∈ N :
∣∣∣ν(T−nE×E)−∫
Z
φ(z+nα)φ(z+β )dmZ(z)
∣∣∣≥ δ 2/4})= 0.
We use now the fact that β ∈V , the definition of this set and the bound ∫ φ 2 dmZ ≥ δ 2 and we obtain that
the set
Λ=
{
n ∈ N : nα ∈V and ν(T−nE×E)≤ δ/4}
satisfies
d∗(Λ) = 0.
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3.6 Conclusion
We check now that the point x1 and the measure ν satisfy all the hypothesis needed to apply Theorem 3.
It remains only to build a good sequence (mi).
For every integer i> 0 the set
X3∩{x ∈ X : dX(x,x1)< 1/i}
is an open neighborhood of x1, and since x1 belongs to the topological support X2 of µ , the measure of
this set is > 0 and thus the set
Fi = {n ∈ N : T nx0 ∈ X3 and dX(T nx0,x1)< 1/i}
satisfies dΦ(Fi) > 0. Since dΦ(Λ) = 0, dΦ(Fi \Λ) > 0 and in particular Fi \Λ is infinite. We thus can
chose a sequence of integers (mi), tending to ∞, with mi ∈ Fi \Λ for every i. We have that
T mix0→ x1 as i→ ∞
and, for every i,
T mix0 ∈ X3 and thus miα ∈V ;
mi /∈ Λ and thus ν(T−miE×E)> δ 2/4.
All the hypothesis of Theorem 3 are satisfied with ε = δ 2/4 and we are done.
4 Proof of Proposition 2
Let (X ,T ) be an uniquely ergodic topological dynamical system with invariant measure µ and assume
that the measure preserving system (X ,µ,T ) is mixing. Let U ⊂ X be an open subset with 0< µ(U)≤
µ(U)< 1, x0 ∈ X and
A = {n ∈ N : T nx0 ∈U}.
Since µ(U)> 0 and by unique ergodicity, d∗(A)> 0. We show that it does not contain a sum B+C
with d∗(B)> 0 and C infinite.
Assume by contradiction that B and C exist withe these properties and let
K = {T nx0 : n ∈ B}.
By unique ergodicity,
µ(K)≥ d∗({n ∈ N : T nx0 ∈ K})≥ d∗(B)> 0.
On the other hand, for every c ∈C we have T c{T bx0 : b ∈ B} ⊂U and thus
for every c ∈C, T cK ⊂U .
Since (X ,µ,T ) is mixing and since K and X \U) have positive measure, for every sufficiently large n
we have µ(T nK∩ (X \U))> 0 and thus T nK 6⊂U . We have a contradiction.
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